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Abstract. In this paper we consider two kinds of free boundary problems for the 
diffusive competition model in the heterogeneous time-periodic environment, in which 
the variable intrinsic growth rates of invasive and native species may change signs and 
be “very negative” in a “suitable large region” (see the conditions (A) and (HI)). The 
main purpose is to understand the dynamical behavior of the two competing species 
spreading via a free boundary. We study the spreading-vanishing dichotomy, long time 
behavior of solution, sharp criteria for spreading and vanishing, and estimates of the 
asymptotic spreading speed of the free boundary. Moreover, the existence of positive 
solutions to a T-periodic boundary value problem in half line, associated with our free 
boundary problems, is obtained. 
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1 Introduction 

In the natural world, the following phenomenon will happen constantly: 

• There is one kind of native species in an area (initial habitat). At some time (initial time), a 
new or invasive species (competitor) enters this district. 

A typical mathematical model describing the interaction (competition) between invasive and 
native species is the following competitive model 

{ ut - diUxx = u{a{t, x) - c{t, x)u - k{t, x)v ), 
vt — d 2 Vxx = v(b{t, x) — m{t, x)v — h{t, x)u ), 

where u{t, x) and v{t, x) represent the population densities of the invasive and native species, respec¬ 
tively; di, d 2 > 0 are their diffusion (dispersal) rates; a{t,x), b{t,x) denote their intrinsic growth 
rates; c{t,x), m{t,x) are the intraspecific and k{t,x), h{t,x) the interspecific competition rates. 
The system (II.ip . as a model describing the spreading, persistence and extinction of two competing 
species in the heterogeneous environment, has received an astonishing amount of attention, please 
refer to [3[3i[ii[iniEniE3] for example. When the functions a, b, c, m, k and h are positive constants, 
to describe the invasion and spreading phenomenon, there have been many interesting studies on 
positive traveling waves and asymptotic spreading speed of (jl.ip . see, for example [T3l[2Tl|39] and 
the references cited therein. 

In the natural world, for most animals and plants, their birth and death rates will change with 
seasons, so the intrinsic growth rates a{t,x),b{t,x) and then the intraspecific competition rates 
c{t,x), m{t,x) and interspecific competition rates k{t,x), h{t,x) should be time-periodic functions. 
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Especially, in the winter of severe cold and cold zones, animals cannot capture enough food to feed 
upon and will not breed, seeds cannot germinate and buds cannot grow above ground, so their 
birth rates are zero. In the meantime, their death rate will be greater. Therefore, in some periods 
and some areas, the intrinsic growth rates a{t, x) and b{t, x) may be negative. 

In general, the invasive and native species will have a tendency to emigrate from the boundary 
to obtain their new habitats, i.e., they will move outward along the unknown curve (free bound¬ 
ary) as time increases. In order to simplify the mathematics, in this paper we only consider the 
one dimensional case and assume that the left boundary is fixed: x = 0. Moreover, we take 
c{t,x), m{t,x), k{t,x) and h{t,x) are positive constants, and by the suitable rescaling we may 
think that c{t,x) = m{t,x) = 1. It should be emphasized that for the higher dimensional and 
radially symmetric case, when c, m, k and h are functions of (t, x) and have positive lower and 
upper bounds, the methods used in this paper are still valid and related results remains hold. 

If, at the initial time, the range occupied by native species is not very large and the invasive 
species has a wide distribution in this area, we can use the following free boundary problem to 
model the above phenomenon: 

ut — diUxx = u(a(t, x) — u — kv ), 
vt - d2Vxx = v[b{t, x) -V - hu), 

Bi[u] = B 2 [v] = 0, 

< 

U = V = 0, s'{t) = -fi{Ux pVx), 
u{0,x) = Uo{x), v{0,x) = Vo{x), 

_ s(0) = So- 


t > 0, 0 < X < s{t), 
t > 0, 0 < X < s{t), 
t > 0, X = 0, 
t > 0, X = s{t), 

0 < X < So, 


( 1 . 2 ) 


If, at the initial time, the distribution range of native species is very large (it can be considered 
to be half line) and the invasive species has a local distribution in this area, we shall use the 
following free boundary problem to describe the above phenomenon: 


Ut — dlUxx = u(a{t, x) — u — kv ), 

t > 0, 

0 < X < s{t) 

u{t, x) = 0, 

t > 0, 

X > s{t), 

Vt - d2Vxx = v{b{t, x) -V - hu), 

t > 0, 

0 < X < oo. 

Bi[u] = B2[v] = 0, 

t> 0, 

X = 0, 

u = 0, s'{t) = -pux, 

t> 0, 

X = s(t), 

u{0,x) = uo(x), 0 < X < So; u(0,x) = uo(x) 
s(0) = So. 

H 

IV 



In the above two problems, Bi[u] = aiu — PiUx, B 2 [v] = a 2 V — l32Vx, Cii,l3i are nonnegative 
constants and satisfy ai + Pi = 1; x = s{t) is the free boundary to be determined; positive constant 
So is the initial boundary or survival range; positive constants p and pp, the expansion capacities, 
are the ratios of the expansion speed of the free boundary relative to population gradients at the 
expanding front, those describe the abilities of species to transmit and dispersal in the new habitat 
and can also be considered as the “moving parameters”. 

Throughout this paper, we assume that 

(H) Functions a, b G n L°°)([0,oo) x [0,oo)) for some v G (0,1), and are T- 

periodic in time t for some T > 0 and positive somewhere in [0,T] x [0, oo); 
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and the initial functions uo{x),vo{x) satisfy 

• uq, Vo G C2([0,so]), uq, uo > 0 in (0, sq), -Bi[mo](0) = uo{so) = 0 and 52M(0) = uo(so) = 0 
for the problem (11.21) : 

• Uq G (^^([OjSo]), Vo G (^^([Ojoo)), uo > 0 in (0, sq), uq > 0 in (0,oo), 5i[uo](0) = uo{so) = 0 
and i?2['i^o](0) = 0 for the problem (11.31) . 

Some problems associated with (II.2|) and (II.3p have been studied recently. When the functions 
a, b are positive constants, the problem (11.21) has been studied by Guo & Wu [H] and Wang & 
Zhao [36] for the case that ai = a 2 = 0, and by Wang & Zhao [36| for the case that /3i = /32 = 0. 
When the functions o, b are positive constants, or a, 6 G (C^ n L°°)([0, oo)) are independent of 
time t and strictly positive, the problem (|1.3p with ai = 0:2 = 0 has been studied by Du & Lin 
uni and Wang &: Zhang [29] for the higher dimension and radially symmetric case. The complete 
conclusions about spreading-vanishing dichotomy, sharp criteria for spreading and vanishing, long 
time behaviour of (u, v) and asymptotic spreading speed of the free boundary have been obtained in 
[laiMiiin]. Some free boundary problems of diffusive prey-predator model with positive constant 
coefficients has been studied by Wang, Zhang Sz Zhao [Ml |32l IMl EH EH] • 

In the absence of a native species, namely u = 0, both problems (11.21) and m reduce to the 
following diffusive logistic problem with a free boundary 

' ut - diUxx = u{a{t,x) - u), 
i?i[u](t, 0) = 0, u{t,s{t))=0, 

< 

s'{t) = -HUx{t,s{t)), 

_ s(0) = So, u{0,x) = uo{x), 

which may be used to describe the spreading of a new or invasive species and has been studied by 
the author in [33] recently. When the function a has positive lower and upper bounds, i.e., there 
exist positive constants ki, K 2 such that ki < a{t,x) < K 2 , Du, Guo & Peng in [7] have studied the 
problem (jl.4l) with ai = 0 for the higher dimension and radially symmetric case. The spreading- 
vanishing dichotomy, sharp criteria for spreading and vanishing and asymptotic spreading speed of 
the free boundary have been obtained in [7l E3]- 

When a = a{x) is independent of the time t and changes sign, the problem (jl.4l) was studied 
by Zhou & Xiao [M] and Wang m- When a = a{x) has positive lower and upper bounds, some 
similar problems to m has been studied systematically. When a is a positive constant, the 
problem (|1.4p was investigated earlier by Du &: Lin [^ for ai = 0 and by Kaneko & Yamada 
[T8] for /3i = 0. Du, Guo &: Liang [HE] discussed the higher dimensional and radially symmetric 
case {ai = 0). The non-radial case in higher dimensions was treated by Du h Guo [6]- Peng & 
Zhao [2H studied a free boundary problem of the diffusive logistic model with seasonal succession. 
They considered that the species does not migrate and stays in a hibernating status in bad season. 
The evolution of the species obeys Malthusian’s equation ut = —5u in bad season, and obeys the 
diffusive logistic equation with positive constant coefficients in good season. Instead of u{a — bu) by 
a general function /(u), Du, Matsuzawa &: Zhou |12| . Kaneko |17] and Du &: Lou m investigated 
the corresponding free boundary problems. 

The main aim of this paper is to study the dynamical properties of (11.21) and (II.3p . We first 
state the global existence, uniqueness, regularity and estimate of solution {u,v,s). 

Theorem 1.1 The problem (II.2p has a unique global solution (u,v,s) in time and satisfies 

U,VG C^+^’2+.(Doo), s G ((0, 00 )), 


t > 0, 0 < X < s{t), 
t > 0, 
t > 0, 

0 < X < So, 


(1.4) 


(1.5) 
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where D^o = {t > 0, x G [0,s(t)]}. Furthermore, there exist constants M = M (||a, 6, tto, xo||oo) > 0 
and C = C {g,, \\a, b, ttoi i^olloo) > 0, such that 


and 


0 < u{t,x), v{t,x) < M, 0 < s'{t) < giM, Vt>0, 0<x< s{t) 


Htr), 'i'(t,-)llci[o,s(t)] <C, V i > 1, 
'®^llc‘^/2([n+l,n+3]) - V n > 0 


( 1 . 6 ) 


(1.7) 


Theorem 1.2 The problem (II . has a unique global solution {u,v,s) in time and 

u e X G C^+2’^’''^((0, (X)) X [0, (X))), s G C'^’''“^((0, (X))). 

Moreover, (n, v, s) satisfies the estimates 

0 < u{t,x), v{t,x) < M, 0 < s'{t) < g,M, y t, X > 0 

and 

{ •)llci([0,s(t)]), \\v{t, •)llci([0,oo)) <C, y t>l, 

1 ll■s1lc‘'/2([r^+l,n+3]) ^ V n > 0, 

where Doc, M and C are same as those of Theorem W.li 


( 1 . 8 ) 


Proofs of Theorems 11.11 and O are essentially parallel to that of [ini iH i33]. For the global 
existence and uniqueness of {u,v,s), please refer to m Theorem 2.1] and m Theorem 1]; for the 
regularities and estimates of {u,v,s), please refer to [331 Theorem 2.1]. The details are omitted 
here. We remark that the uniform estimates (ll.7|) and (|1.8|) allow us to deduce that s'{t) 0 when 

Soo < oo and play a key role for determining the vanishing phenomenon. 

It follows from Theorems o and O that s{t) is monotonically increasing. There exists Soo G 
(0,oo] such that lim s{t) = Soo- 

t—^CO 

In order to study the long time behavior of solution and spreading phenomenon, in Section 2 
we investigate a stationary problem; the T-periodic boundary value problem in half line associated 
with the free boundary problems (jl.2p and (jl.3|] . As most properties of (11.211 and (II.3p are similar, 
we first deal with the problem (11.21) meticulously in Sections 3 and 4, and briefly discuss the problem 
(HSl) in Section [5] In Section 3, we shall derive the spreading-vanishing dichotomy of (|1.2p : 

Either 

(i) spreading: Soo = oo and 


U^,(t,x) < lim inf ri(t + nT, x), 

n^oo 

Vfit, x) < lim inf v{t + nT, x), 

n^oo 


lim sup n(t + nT,x) < U*{t,x), 

n—>-oo 

limsupx(t + nT,x) < V*{t,x), 

n^oo 


uniformly in [0, T] x [0, L] for any L > 0, where {U*, Vfi) and (t/*, V*) are positive T-periodic 
solutions of (12.11) which will be given in Theorem 12.11 

or 

(ii) vanishing; Soo < oo and ^Ihn ||■u(^, •), v{t, •)llc([o,sp)]) = 0. 

In Section 4, the criteria for spreading and vanishing of the problem (11.21) will be established. 
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2 Positive solutions of a T-periodic boundary value problem in 
half line 


To discuss the long time behavior of solution and spreading phenomenon, we should study the 
following T-periodic boundary value problem in half line 

Ut — diUxx = U[a{t,x) — U — kV), 0<t<T, 0 < x < oo, 

Vt — d 2 Vxx = y (b(t, x) — V — hU), 0<t<T, 0<x< oo, 

Bi[U]{t,0) = B2[V]{t,0) = 0, 0 < t < T, 

U{0,x) = U(T,x), V(0,x) = V{T,x), 0 < x < oo. 


( 2 . 1 ) 


2.1 Preliminaries 


In order to facilitate applications, in this subsection we state some known results: the comparison 
principle, properties of the principal eigenvalue of the T-periodic eigenvalue problem and conclusions 
of the diffusive logistic equation in the heterogeneous time-periodic environment. 

Lemma 2.1 {Comparison principle) Let r,£ > 0. Assume that 

w, ru, z, z G (^([0, r] x [0, £]) n C°’^([0, r] x [0, i)) n (^^’^((O, r] x (0, i)), 


and are nonnegative functions. If {w,z) and {w,z) satisfy 


and 


Wt - diWxx > w{a{t, x) 

— w — kz {), 

0<t<r, 0 < X < £. 

At-d 2 Zxx <z{b{t,x) - 

z — hw ), 

0 < t < T, 0 < X < £. 

m - diWxx < w{a{t, x) 

— w — kz), 

0 < t < T, 0 < X < £. 

Zt - d 2 Zxx > z[b{t,x) - 

z — hvf ), 

0 < t < T, 0 < X < £ 


' Bi[w]{t,0) > B2[z]{t,0), 

Bi[w]{t,0) < B2[z]{t,0), 
w{t,t)>w_{t.,I), ^{t,£) <z{t,£), 

^ w{0,x) > w{0,x), z{0,x) <z{0,x), 


0 < t < r, 
0 < t < r, 
0 <t < T, 
0<x<£. 


Then we have 

w<w, z<T in [0,r] X [0,.^]. 

Proof. Note that the function pair [u{a{t,x) — u — kv),v{b{t,x) — v — hu)) of {u,v) is quasi¬ 
monotone nonincreasing mu,v > 0. The desired result can be deduced by the comparison principle 
for parabolic systems (see [27j or [371 section 4.2.2]). We omit the details here. □ 

In the following we assume that c, g G (C' 2 ’'^nL°°) ([0, oo) x [0, oo)) and are T-periodic functions 
in time t. Moreover, there exist positive constants q, q such that q < q{t, x) < q for all t,x > 0. 
Define B[u] = au — j3ux, where a and /? are non-negative constants and satisfy a + (3 = 1. 


Lemma 2.2 (|33l Lemma 3.2]) Let d,i>0,z,^& C'^’^([0,T] x (0,.^)) n C''^’^([0,T] x [0,f]). If 
{z,z) satisfies 


' zt - dzxx > c{t, x)z - q{t, x)z‘^, 

At - dZxx < c(t, x)z - q{t, x)z^, 
B\z]{t,0) > B[^{t,0), 'z{t,i) >z{t,i), 
_ z(0, x) = z(T, x), z{0, x) = z{T, x), 


0 <t <T, 0 < X < i, 
0 <t <T, 0 < X < I, 
0 < t < T, 

0<x<£. 
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Then z > ^ in [0,T] x [0, 1]. 

For any given d,i > 0, let Xi{i]d,c) be the principal eigenvalue of the following T-periodic 
eigenvalue problem 


(^t — dcpxx — c{t, x)0 = Xcj), 0 <T, 0 < X < £, 

< B[(f)]{t,0) = 0, (f){t,i) = 0, 0<t<T, 

4>{0,x) = 4>{T,x), 0 < X < £. 


( 2 . 2 ) 


Proposition 2.1 f [33l Proposition 3.1]) The principal eigenvalue Xi{i]d,c) is continuous with 

respect to l,d and c, and strictly decreasing in c and 1. Moreover, lim Ai(^;d, c) = oo and 

e^o+ 


lim Ai(£; d,c) = oo. 

d—)-oo 


Proposition 2.2 f [33l Proposition 3.2]) Assume that the function c{t,x) satisfies 

(A) There exist o > 0, —2 < r < 0, m > 1 and x„ satisfying —>■ oo as n ^ oo, such 

that c{t,x) > ox*” in [0,T] x [xn,mx„]. 

Then for any given d > 0, there exists a unique Iq = £o{d) > 0 such that Ai(£o;d, c) = 0. Hence, 
Xi{t, d,c) <0 for all i > Iq. 


Consider the following T-periodic boundary value problem of the diffusive logistic equation in 
a bounded interval (0,£): 


' Wt - dWxx = W(c(t,x) - g(t,x)W), 
< B[W]{t,0) = 0, W{t,£) = K, 

, bF(0,x) = W{T,x), 


0 < t <T, 0 < x < £, 
0<t<T, 

0 < X < £. 


(2.3) 


Lemma 2.3 ([33l Lemma 3.3]) Assume that c(t,x) satisfies the condition (A). Then, for any 
given £ > £q and K > jjcjjoo/o', the problem ()2.3I) has a unique positive solution. 

Now, let us consider the following initial-boundary value problem and T-periodic boundary 
value problem of the diffusive logistic equation in the half line: 


and 


' Wt - dwxx = w [c{t, x) -w), 
< B[w]{t, 0) = 0, 

, u;(0,x) = wo{x), 


t > 0, 0 < X < oo, 
t > 0, 

0 < X < oo 


' Wt-dWxx = W{c{t,x)-W), 
< B[W]it,0) = 0, 

, bF(0,x) = W{T,x), 


0 < t < T, 0 < X < oo, 
0 < t < T, 

0 < X < oo. 


(2.4) 


(2.5) 


where wo{x) is a bounded nontrivial and nonnegative continuous function. For the convenience to 
write, we first a definition. 
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Definition 2.1 Let r be a constant and satisfy —2 < r < 0, c G n L°°)([0,oo) x [0,oo)) be 

a T-periodic function in time t. We call that c belongs to the class Cr{T) if there exist two positive 
T-periodic functions Cooit), c°°(t) G C'^/^([0, T]), such that 

Coo{t) < liminf , limsup < c°°(t) uniformly in [0,T]. 

a;->-oo x^oo X^' 

It is easy to see that if c G Cr{T) for some —2 < r < 0, then c satishes the condition (A). 

Proposition 2.3 Assume that c G Cr{T). Then the T-periodic boundary value problem (12.511 has 
a unique positive solution W G ’^“'“^([0,T] x [0,oo)) nCr.(r), and satisfies 

min Coo (t) < liminf , limsup < maxc°°(t) (2-6) 

[0,r] a:->-oo x^oo X^ [0,T] 

uniformly in [0,T]. Moreover, the solution w of (|2.4I1 satisfies 

lim w{t + nT) = W{t,x) locally uniformly in [0, T] x [0,oo). (2-7) 

n—^oo 

Especially, if r = 0 then 

Woo{t) < liminf VF(t,x), limsup VF(t,x) < w^{t) (2.8) 

ir—>-oo x^oo 

uniformly in [0,T], where Woo{t) and w^{t) are, respectively, the unique positive solutions of the 
following T-periodic ordinary differential problems: 

w'{t) = w[coo{t) - w), w{0)=w{T), 

and 

w'{t) = w[c°°{t) — w), w{0)=w{T). 

Proof. Existence and uniqueness of W together with the estimate (12.6p is just Theorem 4.2 
of [33]. The limit (12.7p is given by Theorem 4.3 of [33|. The estimate (12.811 can be proved by the 
similar method to that of |25l Theorem 1.4]. We omit the details here. q 

Proposition 2.4 {Comparison principle) Assume that —2 < rj < 0 and Ci G CniT), i = 1,2. Let 
Wi G C^+5-2+^([0,r] X [0, oo)) be the unique positive solution of (|2.5I1 with c = Ci. If ci < C 2 , then 
Wi < W 2 in [0,T] X [0, 00 ). 

Proof. The existence and uniqueness of Wi is guaranteed by Proposition l2.3l Since Ci G CniT), 
we have that Cj satishes the condition (A). In view of Proposition 12.21 there exists £0 = £oid) !$> 1 
such that Xi{i', d, cf) < 0 for £ > fo and i = 1,2. 

For any given £ > £q. Utilizing Theorem 28.1 of m, the problem 

' Wt - dWxx = W{ci{t,x) -W), 0<t<T, 0<x<£, 

< B[W]{t, 0) = 0, W{£, t)=0, 0<t<T, 

, W{ll,x) = W{T,x), H < X < £ 

has a unique positive T-periodic solution Wie{t,x). Since ci < C 2 , by Lemma Y2?2\. 

Wu{t,x) < W 2 i{t,x) in [0,r] X [0,£]. (2.9) 

Obviously, Wu < ||c||oo by the maximum principle, and Wig is increasing in £ by Lemma 12.21 
Remember Wi{t,x) is the unique positive solution of (12.511 with c = Ci. Make use of the regularity 
theory for parabolic equations and compact argument, it can be proved that, for any given L > 0, 
Wig —)• Wi in C^'‘^{[D,T] x [0,L]) as f ^ 00 , z = 1,2. These facts combined with (12.9p allow us to 
derive lUi < IU 2 . The proof is complete. m 
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2.2 Existence and properties of positive solutions to (12.ip 

We first state a condition. 

(HI) The functions a, 6 G Cr{T) for some —2 < r < 0. That is, there exist positive 
T-periodic functions aoo{t),boo{t),a°°{t),b°°{t) G T]), such that 

/ N , .. x) , a(t, x) ^, 

®oo(t) < liminf-, hmsup- < a (t), 

^ x^oo X'' a;—>-00 X’’’ 

boo(t) < liminf limsup 

x^oo x^oo x^ 


uniformly in [0,T]. 

When the condition (HI) holds, we define 


= minaoo(t), o,°° = maxa°°(t), b^ = min6oo(t)) b'^ = max6°°(t). 
[o,T] [OT] [OT] [OT] 


Theorem 2.1 Under the eondition (HI), we assume further that 

aoo>kr. (2.11) 

Then there exist four positive T-periodic funetions U*, (7*, V*, K G ’^“'“^([0, T] x [0, oo)), such 
that both {U*,V^) and {U^,V*) are positive solutions of (j2.ip . Moreover, any positive solution 
(U, V) of (12.ip satisfies 


U^<U<U*, W<E<W m [0,T] X [0,oo). 


( 2 . 12 ) 


Especially, if r = 0 in (HI), then any positive solution {U,V) of (12.ip satisfies 


Wi (t) < liar inf U {t, x) 

x—^oo 


limsup (7(t, x) < W 2 (t), 

X^OO 

Zlit) < liminf l/(t,x), limsupl7(t,x) < Z 2 {t) 

X >-(X) x—^oo 


(2.13) 


uniformly in [0,T], where W 2 {t), zi{t), Z 2 {t) and wi{t) are the unique positive solutions of the 
following T-periodic ordinary differential problems 


W2{t) = W2{a°°{t) - W 2 ), W2{0)=W2{T), 

z[{t) = zi{boo{t) - hw2{f) - zi), 2:1(0) = 2:1 (T), ( 2 . 14 ) 

z'^it) = Z2{h°° {t) - Z2), 2:2(0) = 2:2 (T), ( 2 . 15 ) 

and 

w[{t) = wi{aoc{t) - kz 2 {t) - wi), r(;i(0) = wi{T), 

respectively. 


Remark 2.1 The condition (12.lip is equivalent to h < h„^/a°° and k < aoo/b°°, which corresponds 
to the weak competitive case. 
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Proof of Theorem 12.11 The approach of this proof can be regarded as the upper and lower 
solutions method. This proof will be divided into four steps. In the hrst one, we shall construct 
four positive T-periodic functions IJ_, V_, U and V, for which {U, V) and {U,y_) can be regarded as 
coupled ordered upper and lower solutions of (12.ip . In step 2, by use of the functions U_, y_, U and 
V, we prove the existences of U*, [/*, V* and 14. Proofs of (|2.12l) and (|2.13l) will be given in the 
third and fourth steps, respectively. 

Step 1. The construction of H, V_, U and V. Since a G Cr{T), take advantage of Proposition 
12.31 we know that the problem 


Ut - dlUxx = u{a{t, x) -U), 

0 < t <T, 0 < X < oo, 


Bi[U]{t,0)=0, 

0<t<T, 

(2.16) 

II 

4? 

o' 

0 < X < oo 



admits a unique positive solution U{t,x) G Cr{T), and 

/ r ■ f U{t,x) U{t,x) 

a < hmmt-, hmsup- < a , 

x^cx> x^oo x'' 

hmsup t/(t,x) < if r = 0 

X^OO 


(2.17) 

(2.18) 


uniformly in [0, T]. Moreover, U < ||a||cxD by the maximum principle. It follows that h — hU G Cr{T) 
since b G Cr{T) and — ha°° > 0. Applying Proposition 12.31 again, the problem 


' Vt-d 2 V^^ = V{b{t,x)-hU{t,x)-V), 

< B2[V]it,0) = 0, 

. p(0,x) = p(r,x). 


0 <t <T, 0 < X < oo, 
0 < t < T, 

0 < X < oo 


has a unique positive solution V_{t,x) G Cr{T), and 

, ,_oo / 1- ■ rYit,x) Y_{t,x) -oo , 

— ha < hm mf-, hm sup- <h — ha^ , 

x^oo x^ a:—>oo X^ 

liminf P(t, x) > zi(t) if r = 0 

X—>oo 

uniformly in [0,T]. 

Similarly to the above, the problem 

Vt — d 2 Vxx = V (b{t,x) — V), 0 < t < T, 0 < X < oo, 

< B2[V]{t,0) = 0, 0<t<T, 

, V{0,x) = V{T,x), 0 < X < oo 

admits a unique positive solution V G Cr(T), and the problem 

Ut — diUxx = U{a{t,x) — kV{t,x) — U), 0 < t < T, 0 < x < oo, 

< Bi[U]{t,0) = 0, 0 < t < T, 

, U{0,x) = U{T,x), 0 < X < oo 


has a unique positive solution IJ_ G Cr{T). Moreover, 


'W^i(0 ^ liminf ^(t, x), 

X^OO 


limsupP(t,x) < Z 2 (t) if r = 0 

X—>-oo 


(2.19) 


( 2 . 20 ) 

( 2 . 21 ) 


( 2 . 22 ) 
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uniformly in [0,T]. 

In addition, by Proposition 12.41 we have U.{t,x) < U{t,x) and y_{t,x) < V{t,x) in [0,T] x [0,oo), 
and hence in [0, oo) x [0,oo) as they are T-periodic functions in time t. 

Step 2. In this step we use the functions U_, V_, U and V obtained in the above step to construct 
U*, [/*, V* and 14, and prove that both ([/*, 14) and {U^,V*) are positive solutions of (j2.ip . Such 
a process is probably well known. For completeness, we shall provide the details. 

Let £ > 0 and {w£, Zi) be the unique positive solution of the initial-boundary value problem: 


wt — diWxx = w [a{t, x) — w — kz ^, 
zt - d 2 Zxx = z {b{t, x) - z - hw ), 

< Bi [tc] (4 0)= B 2 [ 2 :] (4 0) = 0, 
w{t,l) = U{t,£), z{t,i) = V_{t,£), 
w{0,x) = U{0,x), z{0,x) = y_{0,x), 


t > 0, 0 < X < £, 
t > 0, 0 < X < i, 
t > 0, 
t > 0, 

0<x<£. 


Since U and y_ are positive functions and satisfy 


' Ut - diUxx > U{a{t, x)-U-kV), 
< Zt - d2Vxx = V{bit, x)-V-hU), 

. i?i[I7](40) = i?2[Z](4 0) = 0, 


t > 0, 0 < x < £, 
t > 0, 0 < X < i, 
t > 0, 


(2.23) 


one can use Lemma O to deduce W£ < U, Z£ >V_ in [0,oo) x [O,!']. For the non-negative integer 
n, we dehne 

x) = wi{t + nT, x), z^{t, x) = zi{t + nT, x). 

Note that a{t,x), b{t,x), U{t,x) and V_{t,x) are T-periodic functions in time 4 it follows that 
{'w^,z'l) satishes 


{w'^)t - di{w^)xx = w^{a{t,x) -w^- kz"-), 
{z'^)t - d2{z^)xx = z'^{b{t,x) - z^ - hu;"-), 

< SiK](t,0) =S 2 [z”]( 40 ) = 0, 

w^{t,£) = u{t,e), z^{t,e) = v{t,e), 

w^{0, x) = Wi{nT, x), 2;”(0, x) = Zi{nT, x), 


0 < t <T, 0 < X < £, 
0 < t <T, 0 < X < £, 
0>t<T, 

0 > t < T, 

0 < X < £. 


Remember 


w^(0, x) = wg(T, x) < U{T, x) = 17(0, x) = W£{0, x), 
zj{0,x) = ze{T,x) > y_{T,x) = Z(0,x) = ze(0,x), 

it is derived by Lemma [XT] that wj < W£, zj > Z£ in [0, T] x [0,7]. And then 

wj{0, x) = wj{T, x) < Wi{T, x) = w\{£), x), zj{£), x) = z\{T^ x) > Z£{T, x) = z}(0, x). 

Apply Lemma [2711 once again, we have wf < w\, zj > zj in [0,T] x [0,7]. Utilizing the inductive 
method we can show that rc” and z^ are, respectively, decreasing and increasing in n. So, there 
exist two non-negative functions U£, such that w'^ Ui, z'^ ^ Vj pointwise in [0, T] x [0,7] as 
n —)• 00 . Obviously, Ui{0, x) = U£{T, x), V^(0, x) = V^(T, x) as x) = w^{T, x), 2;”'''^(0, x) = 

z'g{T,x). Based on the regularity theory for parabolic equations and compact argument, it can be 
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proved that there exists a subsequence {ui}, such that tc”* Ue, z”* —^ in C^’^([0, T] x [0,£]) 
as z —>■ oo, and {Ue, V_g) satisfies the first four equations of (|2.23l) . Therefore, {Ui, Vj) satisfies 


' Ut - diU,, = U{a{t, x)-U-kV), 

Vt - d 2 Kx = V{b{t, x)-V-hU), 

< Bi[U]{t,0) = B2[V]{t,0)=0, 

U{t,i) = U{t,£), V{t,£) = V{tJ), 

_ U(0,x) = U{T,x), V{0,x) = V{T,x), 


0 <t <T, 0 < X < £, 
0 < t < T, 0 < X < £, 
0<t<T, 

0<t<T, 

0<x<£. 


(2.24) 


Evidently, Ui{t,x) > 0, V_i{t,x) > 0 in (0,T] x [0,£] because U{t,£) > 0, y_{t,£) > 0 in (0, T], This 
shows that {Ui, V_i) is a positive solution of (12.240 . 

Let {ipi, ilii) be the unique positive solution of the following initial-boundary value problem 


ift - dupxx = ^{a{t, x) -tp-kij)), 

- d2'ikxx = '4^{b{t, x)-'tp- hip), 

< Bi [p] (L 0) = B2 i^p] (L 0) = 0, 
p{t,£) = U{t,e), 'ip{t,£) = V{t,£), 
p{£),x) = WSi,x), V’(0,x) = E(0,x), 


t > 0, 0 < X < £, 
t > 0, 0 < X < £, 
t > 0, 
t > 0, 

0 < X < £. 


Since U_<U,Y_<V m. [0, oo) x [0,oo), we have Wi > pi > U_, zi < ipi < V in [0,oo) x [0,1'] by 
Lemma ITTI Similarly to the above, there exist two positive functions U_i, Vi, and a subsequence 
{rii}, such that pi{t + riiT, x) U_i{t, x), il)i{t -|- UiT, x) Vi{t, x) in T] x [0, £]) as z —>■ oo, 

and {U_i, Vi) solves 


Ut d^Uxx — U{(i{t,x) 

Vt-d2Vxx = V{b{t,x)- 
< Bi[U]{t,0) = B2[V]{t,0) 

U{t,£) = U{t,£), V{t,£) 
^ U{0,x) = U{T,x), E(0, 


-U-kV), 

0<t<T, 

V-hU), 

0<t<T, 

= 0, 

0<t<T, 

= V{t,£), 

0<t<T, 

x) = V{T,x), 

0 < X < 1. 


0 < X < 1, 

0 < X < £, 

(2.25) 


Recall that U < Pi < Wi < U, V < Zi < ipi < V in [0, oo) x [0,1], it is immediately to get 


U<Ui<Ui<U, V<'^<Vi<V in [0,r] X [0,1] 


for any given 1 > 0. By use of the regularity theory for parabolic equations and compact argument, 
we can show that there exist two subsequences {(Ufj,V^P}, {ilLiji ^ij)} four positive functions 
U*, 1 /*, V*, 14 , such that, for any L > 0, 

{Ui,,Vi,)^{U*,V.), {Ui^,Vi^)^{U,,V*) in [C^’\[0,T]x[0,L])]^ 

as j —>■ oo. Obviously, 

U<U^<U*<U, V<V^<V*<V in [0,T] X [0,oo). (2.26) 

Remember (12.241) and (I2.25p . it is easy to see that both {U*, 14) and (1/*, V*) are positive T-periodic 
solutions of (12.11) . 

Step 3. Prove (I2.12p . Let (1/, R) be a positive solution of (|2.ip . We only prove 1/ < [/*, R > 14 
as the proof of 1/ > R*, R < R* is similarly. 
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Because U satisfies 


Ut — diUxx < U(^a{t,x) — U), 0<t<T, 0 < x < oo, 

< 5i[f7](t,0) = 0, 0<t<T, 

^ U{0,x) = U{T,x), 0 < X < oo, 


we have U{t,x) < ||a||oo for all {t,x) G [0,T] x [0,oo). Choose £ S> 1. Using Lemma [2]3] and [T5l 
Theorem 28.1], respectively, we have that the following problems 


and 


Ct - diCxx = C(a(L - C), 

^ ^i[C](L0)=0, ({t,i) = \\a 
. C(0,x) = C{T,x), 


0 <t <T, 0 < X < i, 
0 < t < T, 

0<x<£ 


Ct diCxx — c)) 

< Bi[C](t,0) = 0, C{t,£) = o, 
. C(0,x) = C{T,x), 


0 <t <T, 0 < X < i, 
0<t<T, 

0<x<£ 


have unique positive solutions (e We can apply Lemma [22] to conclude that U < Ce and 

^ < 0 in [0,T] X [0,i], Ce and ^ are decreasing and increasing in £, respectively. Similarly to the 
proof of Proposition 12.41 we have lim Q = U in C^’^([0, T] x [0,L]) for any L > 0 since U is the 

£—>■00 

unique positive solution of (12.161) . Therefore, U < U in [0, T] x [0, 00 ). Similarly, we have U > U 
in [0,T] X [0, 00 ). It follows that {U,V) satisfies 



' Ut-diUxx = U{a{t,x)-U-kV), 

0<t<T, 0<x<I’, 



Vt - d 2 Vxx = V{b{t, x)-V-hU), 

0<t<T, 0<x<I’, 


< 

B^[U]{t,0)=B2[V]{t,0) = 0, 

0 < t < T, 

(2.27) 


U{t, i) < U{t, £), V{t, i) > V{t, i), 

0 < t < T, 



1/(0, x) < [7(0, x), U(0, x) > U(0, x), 

0 < X < ^. 


AoDlvinff Lemma 12. 11 to the oroblems (]2.23l) and (]2.27l). we ffet that 



U < We, V > ze in [0, T] 

X [0,^]. 

(2.28) 


It can be seen from the arguments of step 2 that 


lim lim we {t + nt,x) = U* , lim lim ze.{t + nt,x) = V^, (2.29) 

j^oon^ca ^ j—>-oon^oo ^ 

in T] X [0, Lj) for any L > 0. According to U{t + nT, x) = U(t, x) and V(t+nT, x) = V(t, x), 

it is derived from (|2.28p and (|2.29p that U < U* , V > V^. 

Step 4. When r = 0 in (HI). Summarizing (|2.18p . (|2.2ip and (I2.22p we obtain 

'Wi{t) < lim inf U_{t, x) , lim sup U{t,x) < tC 2 (t) , 

X ^00 ^ 

Zlit) < liminf U(t,x), limsupU(t,x) < Z 2 {t) 


uniformly in [0,T]. Combining these facts with ()2.26p and (I2.12p . we can derive (I2.13p . The proof 
is complete. m 
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3 Spreading-vanishing dichotomy of the problem (11.21) 

We first state a lemma, by which the vanishing phenomenon is immediately obtained. Moreover, 
this lemma will play an important role in the establishment of criteria for spreading and vanishing. 


Lemma 3.1 f [3Tl Lemma 3.1]) Let d,fj, and B he as above, C E M. Assume that functions g E 
oo)), (f E oo) X [0, ^(t)]) and satisfy g{t) > 0, ip{t, x) > 0 for t >0 and 0 < x < 

g{t). We further suppose that lim g{t) < oo, lim g'(t) = 0 and there exists a constant K > 0 such 

t—>-oo t—>-oo 


that OllcMo,^^)] < K for t > 1. If {ip,g) satisfies 


(ft - dipxx > C<p, 

< B[ip] = 0, 

. = 0, g'{t) > -fiifx, 


t > 0, 0 < X < g{t), 
t > 0, X = 0, 
t>0, X = g{t), 


then lim max (p(t,x)=0. 

t^oG 0<x<g{t) 


Applying ()1.7p and Lemma l3.11 we have the following result. 
Theorem 3.1 {Vanishing) If Soo < oo, then 

Ollcdo,*^]) = 0, ^lim \\v{t, Ollccio,^^]) = 0. 


(3.1) 


This shows that if the two species cannot spread successfully, they will extinct in the long run. 

For any given £ > 0, let Ai(l'; di, a) and 7 i(l'; ^ 2 , b) be the principal eigenvalues of the T-periodic 
eigenvalue problems 


(3.2) 


and 


(pt d\(j)xx ci{t^ 

0 < t <T, 0 < X < i, 

Bi[(l)]{t,Q) = 0, = 0, 

0<t<T, 

II 

o' 

0 < X < i 

- d 2 fi’xx - b{t, x)fi = 'yfi, 

0 < t < T, 0 < X < £, 

B2[fi]{t,0) = 0, 'ip{tj) = 0, 

0<t<T, 

V'(0,x) = if{T,x), 

0<x<i, 


(3.3) 


respectively. 

Theorem 3.2 {Spreading) Assume that (HI) holds and Soo = oo. If the condition (12.lip is true, 
then we have 


U^,{t,x) < lim inf u(t-|-nT, x), 

n—>-oo 

V^{t,x) < liminf x(t-|-uT, x), 

n—>-oo 


limsupn(f -|- nT,x) < U*{t,x), 

n—>-oo 

lim sup x(t-|-nT,x) < V*{t,x) 

n—>-oo 


(3.4) 

(3.5) 


uniformly in [0,T] x [0,L] for any L > 0, where (t/*,!/*) and (C/*,V*) are positive T-periodic 
solutions of dm obtained in Theorem EU 
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Proof. The method used here is an iterative process. This proof not only gives the long time 
behavior of {u,v) bnt also the existence of (?7*, K) and 

The proof is divided into four steps. Let functions U, f/, V and V_ be given in the proof of 
Theorem EH In the first two steps we shall prove, respectively, that 

lim sup + nT,x) < U{t,x) uniformly in [0,T] x [0, L] (3.6) 

n^oo 

and 

lim inf + nT, x) >V_{t,x) uniformly in [0,T] x [0, L] (3.7) 

n^oo 

for any given L > 0. In the third one, we shall construct four sequences {Ui}, {Pj}, {ILi} and {Vi} 
satisfying 


U<Ui<---<Ui<Ui<---Ui<U, V<V^<---<Vi<Vi<---Vi<V. 


(3.8) 


Proofs of (j3.4p and (j3.5p will be given in the last step. 

Step 1. Define 

Uo{x), 0 < X < So, 

0, X > So, 

and let w{t,x) be the unique positive solution of 


(j){x) = 


wt — diWxx = w{a{t, x) — w), t > 0, 0 < X < oo, 
Bi[w]{t, 0) = 0, t > 0, 

, rc(0, x) = 4>{x), 0 < X < oo. 


In view of Proposition 12.31 it follows that lim w(t + nT,x) = U(t,x) uniformly in [0, T] x [0, L], 

n^oo 

where U{t,x) is the unique positive solution of (|2.16l) . On the other hand, by the comparison 
principle, we have u{t, x) < w{t, x) for alH > 0 and 0 < x < s{t). Thanks to Sqo = oo, we get dM]). 

Step 2. For any e > 0, denote bs{t,x) = b{t,x) — h{U{t,x) + e(l + xy). It follows from (I2.10p 
and (|2.17p that 

, ■ rbe{t,x) be{t,x) -oo , . 

Loo “ “(a + £) ^ 1™ mf- < hm sup- <b — h{a^ + e) 

x^oo x^ a;-i>oo x'^ 

uniformly in [0,T]. Since b^ > /ia°°, there exists eo > 0 snch that b^ > h{7V° + e), and hence 
bs G Cr{T) for all 0 < e < eo- For such fixed e, by Proposition 12.21 there exists > L snch that 
7 i(I'; d 2 , by < 0 for all I > 

For any fixed 0 < e < eo and £ > I'g, capitalize on (|3.6I) and Sqo = oo, there exists r ^ 1 snch 
that 

s{t) > i, u{t, x) < U{t, x) + e(l + xY, y t > T, 0 < X < £. 

Consider the following auxiliary T-periodic boundary value problem 


0 < t <T, 0 < X < i, 
0<t<T, 

0 < X < £. 


Zt - d 2 Zxx = z{be{t, x) - z) 
B2[Z]{t,Q) = Z{t,£) = Q, 

Z(0, x) = Z{T, x). 
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Since 'ji{i;d 2 ,bc) < 0, utilizing Theorem 28.1 of [15], the above problem admits a unique positive 
solution, denoted by Zf{t,x). Let V^{t,x) be the unique positive solution of the following initial¬ 
boundary value problem 

Vt - d 2 Vxx = y{beit,x) -V), t > T, 0 < X < I, 

< B2[V]{t,0) = 0, V{t,i) = 0, t>T, 

, V{t,x) = aZI{T,x), xG[0,£], 

where 0 < a < 1 is so small that aZf{T,x) < v{t,x) in [0,£]. Obviously, the function y := aZf 
satisfies 

Xt - d2Xxx < x{be{t,x) -x), t > T, 0 < X < £, 

^ -B2 [x](L0 ) = 0, x(t,£) = 0, t>T, 

. x{t,x) = aZI{T,x), xG[0,£]. 

By the comparison principle, 

v{t,x) > Vl{t,x) > xitjx), t>T, 0 < X < £. 

Using the arguments of step 2 in the proof of Theorem l2.ll we can prove that lim V/ (t-|-nT, x) = 

n^oo 

Zf{t,x) in T] X [0,1']) and lim Zf{t,x) = Z^{t,x) in C'^’^([0,T] x [0, L]), where Z'^ is the 

i^oo 

unique positive solution of T-periodic boundary value problem 

Zt — d 2 Zxx = Z (bs{t, x) — Z), 0<t<T, 0<x< oo, 

< B2[Z]{t,0) = Z{t,£) = 0, 0 <t <T, 

, Z{0,x) = Z{T,x), 0 < X < oo. 

The existence and uniqueness of Z^ is guaranteed by Proposition 12.31 It follows that 

lim inf u(t-|-nP, x) > Z^{t,x) uniformly for (t,x) G [0,r] x [0,L]. 

n—>-oo 

Note that be{t, x) —>■ b{t, x) — hU{t, x) as e —)• 0 and U(t, x) is the unique positive solution of (|2.19l) . 

by the continuous dependence of solution with respect to parameter, we have that lim Z^(t,x) = 

£—^0 

y_{t,x) uniformly in [0,r] x [0, Lj. Thus, ()3.7p holds. 

Step 3. In view of (I2.10p . (|2.1ip and (I2.20p . we see that a — kV_ G Cr{T). Same as the 
second step, it can be deduced that limsupu(t -|- nT,x) < Ui(t,x) locally uniformly for (t,x) G 

[o,r] X [0, oo), where Ui is the unique positive solution of 

Ut — diUxx = U{(i{t,x) — ky_{t,x) — U), 0 < t < T, 0 < x < oo, 

< ili[[/](t,0) = 0, 0 < t < T, 

, U{0,x) = U{T,x), 0 < X < oo. 

Similarly, lim inf v{t + nT, x) > Ui(t, x) locally uniformly in [0, T] x [0, oo), where V_i is the unique 

n—)-cxD 

positive solution of 

Vt — d 2 Vxx = V{b{t,x) — hUi{t,x) — V), 0<t<T, 0<x<oo, 

< B 2 [U](f, 0 ) = 0 , o<f<r, 

, U(0, x) = U(r, x), 0 < X < oo. 
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Repeating the above procedure, we can find two sequences {Ui} and {V_j} such that 
limsupu(t + nT, x) < Ui{t,x), liminf v{t + nT, x) > x) 

rt —^ ^OO 


(3.9) 


locally uniformly for {t,x) G [0,T] x [0,oo), here Ui and are the unique positive solutions of 

Ut — diUxx = U(a{t^x) — kV_i_i{t,x)— U), 0 < t < T, 0 < x < oo, 

Ri[17](t,0) = 0, 


and 


c/(o,x) = c/(r,x), 


' Vt - dsRxx = v{b{t,x) - hUi{t,x) - V), 
B2[V]{t,0) = 0, 

. V{0,x) = V{T,x), 


0 < t < T, 
0 < X < oo 


0 <t <T, 0<x< oo, 
0 < t < T, 

0 < X < oo, 


(3.10) 


(3.11) 


respectively. 

In the same way we can get two sequences {C/j} and {Vi} such that 

liminf u{t + nT, x) > U_i{t, x), limsupu(t + nT, x) < Vi{t, x) 

n—>-00 n—>-00 

locally uniformly in [0,T] x [0,oo), here Vi and C/j are the unique positive solutions of 

Vt — d 2 Vxx = V[b{t,x) — hU_i_i{t,x) — V^, 0<t<T, 0 < x < oo, 

B2[V]{t,0) = 0, 


(3.12) 


and 


R(0,x) = R(T,x), 

Ut - diUxx = U[a{t,x) - kVi{t,x) - U), 
Bi[U]{t,0) = 0, 

U{0,x) = U{T,x), 


0 < t < T, 
0 < X < oo 


0<t<T, 0<x< oo, 
0 < t < T, 

0 < X < oo, 


(3.13) 


(3.14) 


respectively. 

Apply Proposition 12.41 we can show that (j3.8p holds. 

Step 4. Now we prove ()3.4p and (j3.5h . Remembering (j3.8h . make use of the regularity theory 
for parabolic equations and compact argument, we assert that there exist four positive T-periodic 
functions [/°°, Uoo, Roo G C'^’'“2’^+‘^([0, T] x [0,oo)), such that 

(Ui,Ui,Vi,Vi)^{U^,U^,V^,V^) as i^oo 

in (^^’^([O, T] X [0, AT]) for any K > 0. Taking z —)• oo in (j3.10p . (|3.1ip . (|3.13p and (j3.14p . it derives 
that both (C/°°, Rx)) and {Uoo, R°°) are positive solutions of (j2.ip . Hence, by (j2.12p . 


U^<Uoo<U°° < U*, K < Roo < R°° < V*. 


(3.15) 


Arguing as step 3 in the proof of Theorem 12.11 it can be shown that any positive solution ([/, R) 
of (HI]) must satisfy Hi < U <Ui, Vi < V <Vi for all i. Thus Roo < t/ < and Roo < R < R°°. 
Since (17*, R*) and ([/*,R*) are positive solutions of (12.ip . we have 


Uoc<H<U* < U° 


Roo < R* < R* < R" 


Recall (|3.15l) , it yields that Uoo = U^, U* = U°° , Rqo = R*, R* = R°° . Letting z —)• oo in (13.9p and 
(I3.12p . the required results (13.41) and (13.51) are obtained. □ 
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4 Criteria for spreading and vanishing of (11.21) 


Throughout this section, we assume that {u,v,s) is the unique solution of (jl.2l) . We first state a 
comparison principle. 

Lemma 4.1 {Comparison principle) Let r > 0, s E r]) and s{t) > 0 in [0,t]. Let u,v £ 

C{0) n C'^’^(O) with O = {{t, x) : 0 < t < T, 0 < X < s{t)}. Assume that {u, v, s) satisfies 

ut — diUxx > u(^a{t, x) — u), 0<t<T, 0<x< s{t), 

vt — d 2 Vxx > v{b{t,x) — v), 0 < t < T, 0<x<s{t), 

i?i[il](t, 0 ) > 0 , B 2 [v]{t, 0 ) > 0 , 0 < t < r, 

u{t, s{t)) = v{t, s{t)) = 0 , 0 < t < r, 

^ s'(f) > -pL[ux{t, s(t)) + pvx(t, s{t))], 0 <t<T. 

If s{0) > So, u{0,x) > 0, v{0,x) > 0 in [0, s(0)], and uq{x) < u{0,x), t'o(x) < i;(0,x) in [0,so], 
then the solution {u, v, s) of m satisfies 

s{t) < s{t) in [0,t]; u{t,x) < u{t,x), v{t,x) < v{t,x) in Q, 

where Q = {(f, x) : 0 < t < r, 0 < x < s{t)}. 

Proof. The proof is same as that of m Lemma 4.1] (see also the argument of m Lemma 
5.1]), we omit the details. □ 

Define 

£ = {i > 0 : Xi{fidi,a) = 0 or 71 (£; ^ 2 , ^) = 0}. 

If one of the functions a{t,x) and b{t,x) satisfies the condition (A), make use of Proposition 12.21 
it yields that T / 0. Especially, when the assumption (HI) holds, both a{t,x) and b{t,x) satisfy 
the condition (A), and hence T 7 ^ 0 . 

Now we give a necessary condition of vanishing. 

Lemma 4.2 Assume that T 7 ^ 0 and set s* = minT. If Soo < 00 , then Soo < s*. Hence, sq > s* 
implies Sqo = 00 for all fi > 0. 

Proof. First of all, s* > 0 since Xi{£‘,di,a) > 0, ji{£]d 2 ,b) > 0 when 0 < f <C 1. Without loss 
of generality we assume that Ai(s*;(ii,a) = 0. 

If Soo > s*, then Ai(soo;di,a) < 0 since Xi{£;di,a) is strictly decreasing in £. By the continuity 
of Xi{£]di,a), there exists e > 0 such that Ai(soo;di,a — ke) < 0. In view of Theorem 13.11 
^lim llx(t, •)llc([o,s(t)]) = 0- There exists r S> 1 such that Ai(s(r);di,o — ke) < 0 and v{t,x) < e for 
alH > r, X E [0, s(r)]. Let w be the unique solution of 

wt — diWxx = w(^a{t, x) — ke — w), t > t, 0 < x < s(t), 

Bi[t(;](f, 0 ) = t(;(f, s(t)) = 0 , t > t, 

, w{t,x) = u{t,x), 0 < X < s(r). 

Then n > rc in [r, 00 ) x [0, s(r)] by the comparison principle. Note that Ai(s(r); di,a — ke) < 0, it 
follows from Theorem 28.1 of m that w{t+nT, x) —Z(t, x) as n —>■ oo uniformly on [0, T] x [0,s(t)], 
where Z{t,x) is the unique positive solution of the following T-periodic boundary value problem 

Zt — diZxx = Z(a{t,x) — ke — , 0<t<T, 0 < x < s(r), 

Bi[Z]{t,0) = Z(t,s(T)) = 0, 0 <t <T, 


, Z(0,x) = ^(r,x). 


0 < X < s(r). 








18 


Mingxin Wang 


Since u > w in [r, oo) x [0, s(t)], we immediately obtain 

liminf u(t + nT, x) > Z(t,x), V (t, x) £ [0, Tl x [0, s(r)]. 

n—>-oo 

This is a contradiction with the first formula of (13.11) . The proof is complete. q 

In the following, with the parameter sq satisfying sq < s* and (mQ) ^o) being fixed, let us discuss 
the effect of the coefficient g on the spreading and vanishing. We first give a lemma. 


Lemma 4.3 Let d,C > 0 be fixed constants and the boundary operator B be as above. For any 
given constants so,A > 0, and any function uq G C'^([0,so]) satisfying i?[no](0) = uo{so) = 0 and 
uq > 0 in (0, So), there exists > 0 such that when g'> gP and (n, s) satisfies 


' ut — duxx > —Cu, 

B[u]{t, 0) = 0 = u{t, s{t)), 

s'{t) = -fiUxit,s{t)), 

_ s(0) = So, 11(0, x) = uo{x), 


t > 0, 0 < X < s{t), 
t > 0, 
t > 0, 

0 < X < So, 


we must have liminf s(t) > A. 

t^OO 

The proof of Lemma [4.3l is essentially similar to that of Lemma 3.2 in [36] and is hence omitted. 
Recalling the estimate (|1.6|1 , as a consequence of Lemmas 14.21 and 14.31 we have 


Corollary 4.1 Assume that T 7 ^ 0 and set s* = minT. If sq < s*, then there exists pP > 0 
depending on (uo,vo,so) such that Soo = 00 if p > p^■ 


Lemma 4.4 Assume that T 7 ^ 0 and set s* = minT. If sq < s*, then there exists pQ > 0, such 
that Soo < s* for all p < po- 

Proof. This proof is similar to that of Lemma 5.2 in [33|. Here we give the sketch for com¬ 
pleteness and readers’ convenience. Since so < s* = minT, we have that Ai(so;di,a) > 0 and 
7i(so;d2,^) > 0. 

Let (j){t, x) and fi{t, x) be, respectively, the positive eigenfunctions corresponding to Ai := 
Ai(so;di,a) and 71 := 7 i(so;d 2 ,f^) of ()3.2I) and (13.311 with i = sq. The following conclusions are 
obvious: 

(i) (l)x{t,so) < 0, fix{t,so) < 0 in [0,T]; 

(ii) (t>{t,0) > 0 in [0,T] when fii > 0, fi{t,0) > 0 in [0,T] when /32 > 0; 

(hi) (j)x{t,0) > 0 in [0,T] when fii = 0, and fix{t,0) > 0 in [0, T] when ^2 = 0. 

In view of the above facts (i)-(iii) and the regularity of and we know that there exists a 
constant C > 0 such that 

x(j)x{t,x) < C4>{t,x), xfixitjx) < Cfi{t,x), V (t,x) G [0,T] X [0,so]. (4.1) 

Let 0 < (5, (T < 1 and A > 0 be constants, which will be determined later. Set 

g{t) = 1 + 26 - f{t)=[ g~^{T)dT, t > 0, 

Jo 

w{t,x) = Ae-'^^fiiCit), y), z{t,x) = {f,{t), y), y = 


0 < X < sog{t). 
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Firstly, for any given 0 < e <C 1, since a and b are uniformly continuous in [0,T] x [0, Ssq] and 
T-periodic in t, there exists 0 < 5o(e) ^ 1 such that, for all 0 < 5 < (5o(e) and 0 < u < 1 , 

|a(?(t), yit, x)) - g^{t)a{t, x)| < e, \b{({t), y{t, x)) - g^{t)b{t, x)| < e (4.2) 

for f > 0 and 0 < x < sog{t). Remembering Ai, 71 > 0, in view of (14.ip and (|4.2I) . the direct 
calculation yields that 


wt — diWxx — w[a{t, x) — iv) > v(—a — e — aC -|- Ai/4) > 0, 
Zt — d2Zxx — z[b{t, x) — z) > z{—a — e — aC + 7i/4) > 0 

for all f > 0 and 0 < x < sog{t) provided 0 < u, e ^ 1. Carefully analysis gives 


(4.3) 

(4.4) 


Ri[t(;](t,0) > 0, B 2 [z]{t, 0 ) >0, w{t, sog(t)) = 0, z(t, sog(t)) = 0, V f > 0. (4.5) 

Fix 0 < (T, e <C 1 and 0 < J < 5o(e). Based on the regularities of uq{x), vo(x), (/>(0,x) and 1^(0, x), 
one can choose A S> 1 such that 

uo(x) < A(/) ^0, ='w^(0,x), xo(x) < AV’^0, = ^(0,x), V 0 < x < sq. (4.6) 

According to sog'(t) = soO'de~^* and 

Wx(t, sog(t)) = Y^Ae“^Vj/(?(i), sq), Zx(t, sog(t)) = sq), 

there exists go > 0 such that 

soff'(i) > -g(wx(t, sog(t)) + pzx(t, sog(t))) , V 0 < g < go, t > 0. (4.7) 

Remembering (I13D-(|121), we can apply the comparison principle fLemma l4.1l) to (u, v, s{t)) and 
{w, z, sog(t)), and then derive that 

s{t) < sog{t), u{t,x) < w{t,x), v{t,x) < z{t,x), Vt>0, 0<x< s(t). 

Hence Soo < sog{oo) = so(l + 2(5) for all 0 < /i < go- The proof is complete. □ 

Now, let us give the criteria for spreading and vanishing of the problem (11.21) . 


Theorem 4.1 Assume that T 7 ^ 0 and set s* = minT. 

(i) If sq > s*, then Sqo = 00 for all g > 0; 

(ii) If So < s*, then there exist g* > g^, > 0 , depending on (mo,xo,so), sueh that Soo < s* if 
g < g*, and Soo = 00 if g > g* ■ 

Proof. Remember Lemmas 14.21 and 14.41 and Corollary 14.11 the proof is similar to that of 
Theorem 5.2 in [30]. We omit the details, q 

We have mentioned in the above that if one of the functions a{t, x) and 6 (f, x) satisfies the 
condition (A), then T / 0. 
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5 The problem (11.31) 


In this section, we briefly discuss the problem (|1.3I) . So, (u, v, s) means the unique solution of ()1.3p 
throughout this section. 

Theorem 5.1 (Vanishing) Assume that the condition (HI) holds. //Soo < oo, then 

Ollcdo.^WD = (5-1) 

lim v{t + nT,x) = V(t,x) uniformly in [0,T] x [0, L] (5.2) 

n^oo 

for any L > 0, where V is the unique positive solution of the following T-periodic boundary value 
problem 

Vt — d 2 Vxx = V{b{t,x) — V'), 0 < t < T, 0 < a: < oo, 

B2[V]{t,0) = 0, 0<t<T, (5.3) 

, V(0,x) = V{T,x), 0 < X < oo. 

This shows that if the invasive species u cannot spread successfully, it will extinct in the long run. 

Proof. The proof of ()5.1[1 is the same as that of (j3.ip . The existence and uniqueness of V(t,x) 
is guaranteed by Proposition 12.31 Thanks to (15.ip . similarly to the proof of Theorem 13.21 we can 
show that lim inf v(t + nT, x) >V(t, x) and lim sup v(t + nT, x) < V(t,x) uniformly in [0, T] x [0,L]. 

n^oo 

This finishes the proof, q 

When Soo = oo, Theorem 13.21 (Spreading) remains hold. 

In the following three lemmas, we assume that the function a(t, x) satisfies condition (A) and 
take s* > 0 such that Ai(s*;(ii,a) = 0. Obviously, s* exists uniquely. 

Lemma 5.1 If Soo < oo, then Soo < •s*- Hence, sq > s* implies Soo = oo for all /x > 0. 

The proof of Lemma l5.II is essentially same as that of Lemma 14.21 and is hence omitted here. 

Lemma 5.2 If sq < s*, then there exist 0 < /xq < such that Soo = oo for g > gP, and Soo < s* 
for /X < /XQ. 

Proof. Recalling the estimates obtained in Theorem 11.21 and applying Lemmas 14.31 and 15.11 
we can derive that there exists pP > 0, such that Soo = oo ior p > p^. On the other hand, since u 
satisfies 

' Ut — diUxx < u(^a{t, x) — u), t > 0, 0 < X < s(t), 

Bi[u] =0, t > 0, = 0, 

XX = 0, s'(t) = —pux, t > 0, X = s(t), 

^ s(0) = So, xt(0, x) = uo(x), 0 < X < So, 

by the known results for the logistic equation (see Lemma 5.2 of [33]) and comparison principle, 
we can show that there exists po > 0, such that Sqo < s* for p < po. The proof is complete. □ 
In the same way as the proof of Lemma 2.6 in |I0] . it can be proved that (u, v, s) is monotone 
increasing in p. Similarly to the proof of Lemma 4.9 in m, we have the following lemma. 

Lemma 5.3 If sq < s*, then there exist p* > 0, such that Sqo = oo for p > p*, while Sqo < s* for 
p < p*- 
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It is worth mentioning that the assumption (HI) implies condition (A). Summarizing the above 
conclusions we obtain the following spreading-vanishing dichotomy and sharp criteria for spreading 
and vanishing. 

Theorem 5.2 Under the eondition (HI), we have the following alternative conclusion: 

Either 

(i) spreading: Soo = oo, both (j.S.4p and (j.S.5p hold, 
or 

(ii) vanishing: Soo < s*, and lim ||w(t, Ollcffo sftili = 0; 1™ v(t + nT,x) = V{t,x) uniformly in 
[0, T] X [0, L] for any given L > 0, where V is the unique positive T-periodie solution of (15. 3p . 

Moreover, 

(hi) If So > s*, then Soo = oo for all p. > 0. 

(iv) If So < s*, then there exist p* > 0, sueh that Soo = oo for p > p*, while Soo < s* for p < p*. 

Finally, we estimate the asymptotic spreading speed of the free boundary s{t) when spreading 
occurs. To this aim, let us first state a known result, which plays an important role in the study of 
asymptotic spreading speed. For a T-periodic function f{t), we define 

7=1/ /mt. 


Proposition 5.1 ([71 Section 2]) Let d > 0 and 0 < v < 1 be the given constants. Assume that 
F,ip£ C'^{[0,T]) are T-periodic functions, p is positive and F is nonnegative in [0, T]. Then the 
problem 

' Wt — dwxx + F{t)wx = (p{t)w — 0 <t <T, 0 < X < oo, 

< w{t, 0) = 0, 0 <t <T, 

, tc(0, x) = w{T, x), 0 < X < oo 

has a positive T-periodic solution w^(t,x) G (^^’^([OjT] x [0,oo)) if and only if F < 2y/d^, and 
such a solution is unique when it exists. Moreover, the following hold: 

(i) Wx{t,x) > 0 and w^{t,x) z{t) uniformly in [0,T] as x ^ oo, where z{t) is the unique 
positive periodic solution of the problem 

z' = (p{t)z — z^, 0 <t <T; 2;(0) = z{T)-, 

(ii) For any given nonnegative T-periodic function G G C"^([0,T]) satisfying G < 2^/d^, the 

assumption G <, ^ F implies {t, 0) > {t, 0), w^{t, x) > w^{t, x) for 0 <t <T and x > 0; 

(hi) For each p > 0, there exists a unique positive T-periodic function Fo{t) = FQ{d, p,ip){t) G 
C"^([0,r]) such that pWx°{t,0) = Fo(t) in [0,r], and 0 < Fq < 2^/^d. 


Theorem 5.3 Under the eondition (HI) with r = d we further assume that (j2.1ip hold. When 
the spreading occurs, i.e., Soo = oo, we have 


y s{t) 
Inn sup- 

t-i-OO t 


< 




Fo{di,p,a°° - kzi){t)dt, lim inf ^ ^ 

t^CO t 1 


Fo{di,p,ac 


kz2){t)dt, 


where zi{t) and Z 2 (t) are the unique positive solutions of (12.141) and (12.151) . respectively. 
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Proof. This proof is similar to that of Theorem 4.4 in [7] with some modifications. Here we 
give the sketch for completeness and readers’ convenience. 

First of all, in view of ()2.14p and (12.151) . it is easy to see that 

zi(t) < maxboo(t) < b°°, Z 2 {t) < max5°°(t) = b°°, V t G [0,T]. 

[o,T] [o,r] 

Therefore, 

o°°(t) — kzi{t) > — kb°° > 0, aoo{t) — kz 2 {t) > — kb°° >0, V t G [0,T] 


by the condition (12.111) . 

Step 1. Let ([/*, Kk) and (t/*, H*) be positive solutions of (|2.ip obtained in Theorem 12.II Apply 
the last two conclusions of (I2.13p . it yields that 

zi{t) < liminf x), limsupH*(t,x) < Z 2 {t) 

x—^oo x—>co 

uniformly in [0,T]. By the same way as that of step 1 in the proof of [3 Theorem 4.4], we can 
show that 

limsup 17*(t,x) <'0(t), liminf x) > V'(t) uniformly in [0,r], (5.4) 

31—>-oo 

where ^p{t) and are, respectively, the unique positive T-periodic solutions of 

ip'it) = - kzi{t) - ^p), ^p{0) = V’(T) 

and 

-fit) = - kz2{t) -;0), ;^(0) = f{T). 

Step 2. For the given 0 < e ^ 1, by (|5.4I) . there exists i* = l*{e) ^ 1 such that 

U*{t,x) < H*(t,x)>^(t) in [0,T] X [^*,oo), 

where and are, respectively, the unique positive T-periodic solutions of 

= -kzi{t)+£-ip^), ='ip^{T) 

and 

=t^{aoo{t) -kz2{t) ;^(0) = 'il^{T). 

Because Theorem 13.21 holds for the problem (II.3p . in view of (13.4p . (|3.5p and Soo = oo, we have that 
there exists a positive integer n = n{£*) such that s{nT) > 3^* and 

V’2e(^) — — V’2e(^)) V t > 0. 

Follow the arguments of steps 2 and 3 in the proof of [3 Theorem 4.4] step by step, we can obtain 
the desired results. The details are omitted here. □ 

Remark 5.1 The main difference between (|1.2I) and dop is the following. For the problem a, 
the criteria we got for spreading and vanishing are not sharp, due to the lack of monotonicity of 
solution in p,. Also, the estimate of the asymptotic spreading speed of free boundary has not been 
obtained for the problem o. 
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